We construct several examples of genus-one fibered K3 surfaces without a global section with type I n fibers, by considering double covers of a special class of rational elliptic surfaces lacking a global section, known as Halphen surfaces of index 2. The resulting K3 surfaces have bisection geometries. F-theory compactifications on these K3 genus-one fibrations without a section times a K3 yield models that have SU (n) gauge symmetries with a discrete Z 2 symmetry.
Introduction
There are a number of advantages of using the F-theory approach for model building in particle physics. SU (5) GUT is naturally realized in F-theory with matter in SO(10) spinor representations. The problem of weakly coupled heterotic string, which is addressed in [1] , can also be avoided. Local F-theory model buildings [2, 3, 4, 5] have been emphasized in recent studies. Global aspects of F-theory compactifications, however, need to be analyzed eventually to address the issues of gravity and the early universe, including inflation. Ftheory/heterotic duality [6, 7, 8, 9, 10] particularly provides insights into global models of Ftheory compactifications. F-theory/heterotic duality, which states that F-theory compactified on a K3 fibered Calabi-Yau (m + 1)-fold is equivalent to heterotic string theory compactified on a torus fibered Calabi-Yau m-fold, is formulated when the stable degeneration limit [10, 11] of a K3 fibration is considered 1 on the F-theory side. In recent studies, F-theory compactifications on genus-one fibrations without a section are considered. One of the reasons such compactifications are studied is that a discrete gauge symmetry 2 arises in F-theory models on genus-one fibered spaces lacking a global section, as discussed in [32] . Genus-one fibered Calabi-Yau manifolds M whose Jacobian fibrations J(M ) are identical form a group, which is referred to as the Tate-Shafarevich group X(J(M )). As discussed in [32] , the discrete part of this group X(J(M )) is identified with the discrete gauge symmetry that arises in F-theory compactification on the Calabi-Yau genus-one fibration M without a rational section [33] . Concretely, when Calabi-Yau genus-one fibration M without a rational section admits a multisection of degree m, a discrete Z m symmetry arises in F-theory compactified on the genus-one fibered Calabi-Yau manifold M .
In this study, we construct genus-one fibered K3 surfaces without a global section, that have bisections, with type I n fiber for various n. Utilizing this result, genus-one fibered Calabi-Yau 3-folds may be constructed by considering fibrations of these genus-one fibered K3 surfaces over the base P 1 . Genus-one fibered Calabi-Yau spaces with a bisection, and F-theory compactifications on these spaces are discussed in [34, 32, 35, 36, 37, 38, 39, 40] .
Genus-one fibrations without a global section do not admit transformation into the Weierstrass form. Owing to this, it is generally technically difficult to explicitly construct genus-one fibered Calabi-Yau manifolds lacking a rational section with specific types of singular fibers. In this note, we use rational elliptic surfaces without a global section as a tool to construct K3 genus-one fibrations lacking a global section, with a bisection, with type I n fiber for various n. This construction shows the existence of F-theory models with a discrete Z 2 symmetry, with SU (n) gauge groups.
We focus on a special class of rational elliptic surfaces lacking a global section, namely, Halphen surfaces of index 2, in this note, to yield genus-one fibered K3 surfaces without a global section that have a bisection. We particularly give explicit constructions of the Halphen surfaces of index 2 with type I n fiber for various n. Taking double covers of these surfaces yields genus-one fibered K3 surfaces without a section, that have a bisection with type I n fiber. F-theory compactified on spaces built as the direct products of these genus-one fibered K3 surfaces without a section times a K3 surface gives four-dimensional theories with a discrete Z 2 symmetry and SU (n) gauge groups. Particularly, F-theory compactification on K3 genus-one fibration obtained as a double cover of Halphen surface of index 2 with type I 5 fiber times a K3 yields four-dimensional theory with SU (5) gauge group with a discrete Z 2 symmetry, which relates to GUT realization.
F-theory models compactified on spaces that have an elliptic fibration with a global section have been considered [41, 42, 43, 44, 45, 46, 47] . General genus-one fibered Calabi-Yau manifolds, however, do not necessarily have a global section. Genus-one fibered Calabi-Yau manifolds that lack a global section indeed exist, and F-theory models on genus-one fibered Calabi-Yau manifolds without a section, including genus-one fibered K3 surfaces lacking a global section, have recently been studied, e.g., in [34, 32, 48, 49, 50, 35, 36, 28, 51, 37, 52, 38, 39, 40] . Similar to that there are genus-one fibered K3 surfaces that lack a global section, rational elliptic surfaces without a global section are known to exist.
Halphen surfaces of index 2 are examples of rational elliptic surfaces lacking a global section. Discussions of the Halphen surfaces can be found in [53, 54] . Halphen surfaces of index 2 are bisection geometries. Concretely, we consider a sextic curve in P 2 , f = 0, with nine simple singularities. A cubic curve, g = 0, which passes through these nine points, always exists. We take the ratio of the sextic curve and the square of the cubic curve [f : g 2 ]; this ratio yields a projection onto P 1 , which results in a genus-one fibration. Exceptional divisors that arise from blowing up the nine simple singularities yield bisections.
More generally, when we have a curvef of degree 3n in P 2 with nine singularities of multiplicities n, we obtain a Halphen surface of index n. Here, we considered only Halphen surfaces of index 2, n = 2, in this study.
In this note, we particularly discuss Halphen surfaces of index 2 with singular fibers 3 of type I n . We mainly considered situations in which sextic curve f = 0 is reducible into several irreducible curves, such as lines, conics, and cubics. We considered the blow-up of P 2 at nine points of the intersection points, among others, of these curves to obtain Halphen surfaces of index 2. The remaining intersection points, which were left un-blown up, and lines and conics (or cubics with a node) that pass through these points form an n-gon; this configuration yields type I n fiber.
By considering double covers of Halphen surfaces of index 2 with type I n fibers, we obtained genus-one fibered K3 surfaces 4 without a section with type I n fibers. Because Halphen surfaces of index 2 have bisections, K3 surfaces obtained as double covers of Halphen surfaces of index 2 possess bisections. These K3 surfaces constructed as double covers of Halphen surfaces ramify over a fiber of Halphen surfaces. We obtained two different types of K3 surfaces depending on whether a fiber as the branching locus of the double cover is smooth or singular.
We discuss F-theory compactifications on these K3 surfaces without a section, obtained as double covers of the Halphen surfaces of index 2. The correspondence of non-Abelian gauge groups that arise on the 7-branes in F-theory compactifications and the types of the singular fibers of the compactification spaces are discussed in [8, 60] . Type I n fiber corresponds to A n−1 singularity. In F-theory compactifications, matter representations arise from local rank 1 enhancements of the singularities of the compactification spaces [60, 61, 62, 63, 64] . Other types of matter, that arise from the structures of divisors, are discussed in [65, 66] . Matter fields in four-dimensional theories in the presence of a flux are analyzed using the F-theory approach in [2, 3] .
Jacobian fibrations 5 of the Halphen surfaces of index 2 always exist. Because the Halphen surfaces of index 2 are bisection geometries, these surfaces are given by double covers of quartic equations [34] . By taking the resolvent cubic, the Jacobian fibrations can be constructed [34] . A Halphen surface of index 2 has a unique double fiber; when the Jacobian fibration is considered, the double fiber becomes a smooth fiber.
This note is structured as follows: After we review the general theory of the Halphen surfaces of index 2 in Section 2.1, we give explicit constructions of the Halphen surfaces of index 2 with type I n fibers as described in Section 2.2. Considering double covers of the Halphen surfaces of index 2 with type I n fibers that we constructed in section 2.2, we obtained genus-one fibered K3 surfaces lacking a global section in Section 3.1. The resulting K3 surfaces have bisection geometries. Furthermore, we show that these K3 genus-one fibrations do not have a global section, but they in fact have a bisection. We show the pullback of a bisection to Halphen surfaces of index 2 gives a bisection to the resulting K3 surfaces. Ftheory compactifications on the resulting genus-one fibered K3 surfaces without a section times a K3 surface are discussed in Section 3.2 and Section 3.3. A discrete Z 2 symmetry and SU (N ) gauge symmetry arise in these compactifications, as discussed in Section 3.2. Additionally, we discuss matter arising from the A n−1 singularities in F-theory flux compactifications on these K3 surfaces with I n fibers times a K3 surface in Section 3.3. In Section 4, we discuss the Jacobian fibrations of the Halphen surfaces of index 2 and the associated K3 surfaces without a section obtained as double covers of the Halphen surfaces of index 2. We state the concluding remarks in Section 5.
2 Halphen surfaces of index 2 with I n fiber
Review of general theory of Halphen surfaces of index 2
We review the general theory of a class of rational elliptic surfaces, Halphen surfaces of index 2. These surfaces are genus-one fibered, but they do not admit a global section. We introduce this family of rational elliptic surfaces, and show that they indeed lack a global section.
Suppose that we have a sextic curve with (at least) nine simple singularities in P 2 . (The curve may have more than nine singularities.) We denote the degree 6 polynomial that 5 Construction of the Jacobian of a genus-one curve is discussed in [67] . describes this curve by f . The polynomial f can be reducible. We denote nine singularities by P i , i = 1, · · · , 9. We mainly consider the situations in which the sextic curve f = 0 is reducible into lines and conics, or reducible into two cubics with nodes, to construct various examples of Halphen surfaces of index 2. A cubic polynomial in P 2 consists of 10 monomials; therefore, a cubic curve C that passes through nine fixed singular points P i , i = 1, · · · , 9, always exists. We denote the equation that describes this cubic curve by g = 0. We choose this cubic curve to be smooth.
The blow-up of P 2 at nine simple singularities of the sextic curve f = 0 yields a rational surface. We consider the ratio of the degree 6 polynomial f to the square of the cubic polynomial g, [f :
this induces a projection onto P 1 . This projection endows the rational surface as the nine-point blow-up of P 2 with a fibration structure. This surface is called the Halphen surface of index 2. The sextic curve f = 0 defines a divisor that belongs to the complete linear system |6H − 2 Σ
H denotes the line class in P 2 . Cubic curve g = 0 that passes through the nine singularities corresponds to a divisor that belongs to the complete linear system
(We have also used P i , i = 1, · · · , 9, to denote the exceptional divisors that arise when the nine singularities are blown up in the complete linear systems (1) and (2).) Fiber F of the projection [f : g 2 ] is given by
where λ is a constant. The equation of a fiber (3) is a polynomial of degree 6 in P 2 . The genus g(F ) of a fiber F described by equation (3) is given by the genus formula:
where δ = 9 is the number of simple singularities of the fiber f + λg 2 = 0. Thus, we conclude that a generic fiber is a smooth genus-one curve when the 9 singularities are blown up, and the projection onto base P 1 given by the map [f : g 2 ] yields a genus-one fibration. This shows that a Halphen surface of index 2 is genus-one fibered.
We show that the Halphen surfaces of index 2 do not have a section. We denote the fiber class by F . Fiber over the point [a : b] is given by
Particularly, fiber over the origin [0 : 1] is given by [f = 0], and fiber at infinity,
. Thus, we obtain the following linear equivalence:
In particular, it follows that the intersection number of fiber F with any divisor D is a multiple of 2. Because the intersection number of a section with fiber F is 1, this shows that the Halphen surfaces of index 2 do not have a global section. This argument also shows that the fiber at infinity [1 : 0] is a double fiber. Exceptional divisors that arise from nine singularities when these singularities are blown up yield bisections.
In Section 2.2, we explicitly construct sextic curves in P 2 , and we construct various Halphen surfaces of index 2 that have type I n fibers.
Constructions of Halphen surfaces of index 2 with I n fiber
We choose specific sextic curves f = 0 in P 2 to construct various Halphen surfaces of index 2 with type I n fiber.
Halphen surface with I 1 fiber
We consider a rational sextic curve f = 0 with 10 nodes in P 2 . We choose any nine nodes, and we consider the blow-up of P 2 at the chosen nine nodes. Consequently, we obtain a Halphen surface of index 2, by considering the projection [f : g 2 ] onto P 1 . As discussed in Section 2.1, g = 0 is a cubic that passes through the chosen nine nodes. By construction, the surface has a singular fiber at the origin, which is the rational sextic curve with the one remaining node, i.e., a type I 1 fiber.
As discussed in Section 3.1, when we consider double covers of the resulting Halphen surface with type I 1 fiber, we obtain two types of genus-one fibered K3 surfaces without a section: We obtain a K3 surface with two type I 1 fibers when the double cover is ramified over a smooth fiber, and we obtain a K3 surface with a type I 2 fiber when we consider the double cover of the constructed Halphen surface with type I 1 fiber, ramified over the type I 1 fiber.
Similar arguments as that stated previously apply to other constructions of Halphen surfaces of index 2 with type I n fibers, n = 2, 3, 5, 6, that are discussed below. Namely, a double cover of the Halphen surface of index 2 with type I n fiber that is ramified over a smooth fiber yields a genus-one fibered K3 surface, the singular fibers of which include two type I n fibers. When we consider a double cover of the Halphen surface of index 2 with type I n fiber branched over the type I n fiber at the origin, we obtain a genus-one fibered K3 surface, the singular fibers of which include a type I 2n fiber. The resulting K3 surfaces generically lack a global section, and they have bisection geometries, as shown in Section 3.1.
Halphen surface with I 2 fiber
We choose two cubics, f 1 , f 2 , in P 2 , both of which have one node singularity. The cubic curves f 1 = 0 and f 2 = 0 intersect at nine points. We choose the polynomials f 1 , f 2 so that these nine intersection points do not include the node singularities that the cubics have. With this choice, the sextic curve f 1 f 2 = 0 has 11 singularities in total: nine intersection points of the cubics f 1 = 0 and f 2 = 0 plus the two nodes of the cubics. We leave two points among the nine intersection points of the cubics f 1 = 0 and f 2 = 0, and we consider the blow-up of P 2 at the remaining nine singularity points. See figure 1 for two cubics with nodes, and the two points chosen to be left un-blown up.
This yields a Halphen surface of index 2. The projection [f 1 f 2 : g 2 ] onto P 1 induces a genus-one fibration. A cubic curve in P 2 with a node is a rational curve (with one singularity) by the genus formula; the genus of a cubic curve in P 2 with a node is
Therefore, by construction, the resulting Halphen surface has a singular fiber at the origin, which consists of two rational curves meeting at two points (these two points are the points that we chose among the 11 singular points to leave un-blown up); this is a type I 2 fiber.
Halphen surface with I 3 fiber
We consider three conics f 1 , f 2 , f 3 in P 2 . Any two of these conics meet in four points in P 2 . Therefore, there are 12 intersection points in total; the sextic curve f 1 f 2 f 3 = 0 has 12 singularities. We leave three points among these 12, and we consider the blow-up of P 2 at the remaining nine intersection points. This yields a Halphen surface. The projection [f 1 f 2 f 3 : g 2 ] onto P 1 yields a genus-one fibration. A conic in P 2 is isomorphic to P 1 ; thus, the resulting Halphen surface has a singular fiber, which consists of three P 1 s forming a triangle. (The vertices of this triangle are the three points that we chose among 12 intersection points to leave un-blown up.) This is a type I 3 fiber; therefore, the resulting Halphen surface of index 2 has a type I 3 fiber at the origin.
Halphen surface with I 5 fiber
We consider four lines f 1 , f 2 , f 3 , f 4 and a conic f 5 in P 2 . Two lines intersect at one point and we have 4 2 = 6 pairs of lines; the conic and each of the four lines intersect at two points. Therefore, there are 14 intersection points in total. We choose five specific points among these, so that the lines and the conics that pass through the five points form a pentagon. See figure 2 for an illustration of this configuration. We consider the blow-up of P 2 at the remaining nine intersection points to obtain a Halphen surface. The projection [Π 5 i=1 f i : g 2 ] yields a genus-one fibration.
A line and a conic in P 2 are isomorphic to P 1 ; therefore, by construction, the resulting Halphen surface of index 2 includes a singular fiber of type I 5 at the origin.
Halphen surface with I 6 fiber
We consider six lines f i , i = 1, 2, · · · , 6, in P 2 . We have 6 2 = 15 pairs of lines; therefore, there are 15 intersection points in total. We choose the six specific points among these 15 points, so that the lines that pass through the six points form a hexagon. See figure 3 for the The resulting K3 surfaces are genus-one fibered, but they generically lack a global section to the fibration. When we consider double covers of the Halphen surfaces of index 2, we obtain two different kinds of K3 surfaces, depending on whether a double cover is branched over a smooth fiber or a singular fiber. In either case, the pullback of a bisection of a Halphen surface of index 2 yields a bisection; the resulting K3 surface possesses a bisection to the fibration. In a special situation, bisection of a K3 surface obtained as the pullback of a bisection of a Halphen surface of index 2 splits into two sections. The resulting K3 surface as a double cover of a Halphen surface of index 2 admits a global section for this special case. This case is discussed in Section 3.1.2.
K3 surface without a section as a double cover of Halphen surface ramified over a smooth fiber
Fiber of a Halphen surface of index 2 is given by
As stated in Section 2, f is a polynomial of degree 6, so that the sextic curve f = 0 has nine singular points, and g = 0 is a smooth cubic that passes through the nine singular points. a in the equation is a constant. For a generic constant a, equation (8) describes a smooth fiber. We consider a double cover of a Halphen surface of index 2, given by
Equation (9) is a double cover of a Halphen surface ramified over a sextic curve; thus it yields a K3 surface. The Néron-Severi lattice of the resulting K3 surface is generically generated by the smooth fiber, fiber components, and the pullbacks of bisections. The double cover (9) is branched over a fiber in the Halphen surface of index 2; because bisection of the Halphen surface of index 2 has the intersection number 2 with fiber, a bisection of the Halphen surface intersects with the fiber as the branching locus at two points. This means that the pullback of a bisection to a K3 surface as the double cover (9) is ramified over two points. Thus, the pullback of a bisection of the Halphen surface of index 2 is a double cover of that bisection, which is isomorphic to P 1 , ramified over two points. Because the pullback of a bisection is generically irreducible, this argument shows that the pullback of a bisection of the Halphen surface of index 2 is isomorphic to P 1 . The pullback of a bisection intersects with the fiber as the branching locus in two points; therefore, it yields a bisection of the K3 surface (9) . Thus, we conclude that the resulting K3 surface (9) generically has only bisections; it does not have a section.
The K3 surface as a double cover (9) of a Halphen surface of index 2 has a global section when the pullback of a bisection of the Halphen surface splits into two sections. This occurs when a = 0 and any one of nine singularities of the polynomial f is a cusp. We discuss this special situation in Section 3.1.2.
By a reasoning similar to that stated in [17] , a K3 surface (9) obtained as a double cover of a Halphen surface is equivalent to the quadratic base change of the Halphen surface. This shows that the singular fibers of the resulting K3 surface (9) are twice those of the Halphen surface of index 2, when the fiber as the branching locus of the double cover is smooth. See [17] for discussion of the configuration of the singular fibers when the quadratic base change is considered. When a takes the value ∞, the equation (9) becomes
which splits into linear factors as
This corresponds to a situation in which the K3 surface splits into two rational elliptic surfaces. This situation is discussed in [17] . We did not consider this situation in this study; we assumed that a is finite. When a = 0, the fiber f + a g 2 = 0 becomes singular. We consider this case in Section 3.1.2 separately. We assume a = 0 here.
The argument stated above shows that the K3 surface (9) obtained as a double cover of a Halphen surface of index 2 has twice the number of singular fibers that the Halphen surface has. Particularly, the K3 surfaces obtained as the double covers of the Halphen surfaces constructed as described in Section 2.2 have two type I n fibers, n = 1, 2, 3, 5, 6.
3.1.2 K3 surface without a section as a double cover of Halphen surface ramified over a singular fiber
We consider a double cover of a Halphen surface of index 2 that is ramified over a singular fiber. This corresponds to the case where the constant a takes the value 0 in equation (9) . For this case, the double cover of a Halphen surface of index 2 is given by
This is the quadratic base change of the Halphen surface, where a ramification occurs over the singular fiber f = 0. Similar reasoning as that given in Section 3.1.1 shows that the resulting K3 surface (12) has a bisection, but it generically does not have a section. When any one of nine singularities that the polynomial f possesses is a cusp, a bisection of the Halphen surface, which arises as an exceptional curve when the cusp is blown up, is tangent to the branch; therefore, the pullback of that bisection splits into two sections 6 . For this special situation, the resulting K3 surface has a section. We did not consider such a situation in this study.
We constructed the Halphen surfaces of index 2 with type I n fibers, n = 1, 2, 3, 5, 6, in Section 2.2. When we consider the double covers (12) of these Halphen surfaces, the double covers are ramified over the type I n fiber. This means that the corresponding quadratic base change is ramified over type I n fiber, and two type I n fibers collide and they are enhanced to a type I 2n fiber [68] 7 . This shows that the resulting K3 surfaces (12) as the double covers of the Halphen surfaces with type I n fibers, n = 1, 2, 3, 5, 6, have type I 2n fibers.
Gauge symmetries in F-theory compactifications
It was shown in Section 3.1 that genus-one fibered K3 surfaces obtained as double covers of Halphen surfaces of index 2 lack a global section, but they have a bisection. Thus, a discrete Z 2 symmetry arises in F-theory compactifications on spaces built as the direct products of these K3 surfaces times a K3 surface.
The singular fibers of genus-one fibered K3 surfaces without a section obtained in Section 3.1.1 include two type I n fibers, n = 2, 3, 5, 6, therefore, SU (n) 2 gauge groups arise in F-theory compactifications. Thus, we conclude that gauge groups that arise in F-theory compactifications on genus-one fibered K3 surfaces without a section obtained in Section 3.1.1 times a K3 contain the following factor:
The singular fibers of genus-one fibered K3 surfaces without a section obtained in Section 3.1.2 include type I m fibers, m = 2, 4, 6, 10, 12. Gauge groups that arise in F-theory compactifications on genus-one fibered K3 surfaces without a section obtained in Section 3.1.2 times a K3 contain the following factor:
3.3 Matter fields in F-theory compactifications on the resulting K3 surfaces F-theory compactification on a space constructed as the direct product of K3 surfaces yields a four-dimensional theory with N = 2 supersymmetry. By including four-form flux [69, 70, 71, 72, 73] , the supersymmetry of the theory reduces to N = 1. Hypermultiplets split into vector-like pairs when the four-form flux is turned on. We do not discuss the cancellation of the tadpole with flux [70] in this note. We can only state that vector-like pairs could arise, owing to the tadpole. Matter spectra in F-theory flux compactifications on the direct products of K3 surfaces, where one of the two K3 surfaces in the product lacks a global section, are discussed, for example, in [52, 38] . We discuss the vector-like pairs that can arise from the A n−1 singularities corresponding to type I n fibers in F-theory compactifications with flux on K3 surfaces without a section, which we obtained as described in Section 3.1 as double covers of the Halphen surfaces, times a K3 surface. Under the rank 1 enhancement
the adjoint representation n 2 − 1 of SU (n) decomposes into irreducible representations of SU(n − 1) as [74] :
Thus, the adjoints (n − 1) 2 − 1 of SU (n−1) arise on the 7-branes without fluxes. The vectorlike pairs, n − 1 + n − 1, can arise from the A n−1 singularities with flux. (n = 3, 4, 5, 6, 10, 12) 4 Jacobian fibrations of Halphen surfaces and associated K3 surfaces
The Halphen surfaces of index 2 have Jacobian fibrations. The locations and the types of the singular fibers of the Jacobian fibration are identical to those of Halphen surface, except the multiple fiber. The Jacobian fibration has a global section, therefore it does not have a multiple fiber. The double fiber at infinity of a Halphen surface of index 2 becomes a smooth fiber when we take the Jacobian fibration. Halphen surfaces of index 2, and generic genus-one fibered K3 surfaces obtained as double covers of the Halphen surfaces of index 2 are bisection geometries. Therefore, these surfaces can be described as double covers of the quartic polynomials [34] . The Jacobian fibrations of these surfaces are obtained by taking a resolvent cubic of the quartic polynomials [34] .
Conclusions
In this note, we used a special class of rational elliptic surfaces lacking a global section, Halphen surfaces of index 2, to construct genus-one fibered K3 surfaces without a global section. The resulting K3 surfaces are bisection geometries. Therefore, a discrete Z 2 gauge symmetry arises in F-theory compactifications on these genus-one fibered K3 surfaces times a K3 surface. K3 surfaces without a section are obtained when we consider the double covers of the Halphen surfaces of index 2. We showed in this study that the resulting K3 surfaces have bisections, but they do not have a section. We obtain two types of K3 surfaces, depending on whether the ramification of the double covers occurs along a smooth fiber or a singular fiber. When the double cover is ramified over a smooth fiber, the resulting K3 surface has twice the singular fibers that the Halphen surface has. When we consider the double cover of this type, we obtain K3 surfaces without a section with type I n fibers. When the ramification occurs along a singular fiber, two fibers of type I n fibers collide, and they are enhanced to a type I 2n fiber. The resulting K3 surfaces have type I 2n fibers in this situation.
SU (n) 2 × Z 2 , n = 2, 3, 5, 6 gauge groups arise in F-theory compactifications on the K3 surfaces as the double covers of the Halphen surfaces of the first type times a K3 surface; SU (m) × Z 2 , m = 2, 4, 6, 10, 12, gauge symmetries arise in F-theory compactification on the K3 surface as double covers of the Halphen surfaces of the second type times a K3 surface.
